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A molecular thermodynamics approach is developed in order to describe the adsorption of fluids on
solid surfaces. The new theory is based on the statistical associating fluid theory for potentials
of variable range #A. Gil-Villegas et al., J. Chem. Phys. 106, 4168 !1997"$ and uses a
quasi-two-dimensional approximation to describe the properties of adsorbed fluids. The theory is
tested against Gibbs ensemble Monte Carlo simulations and excellent agreement with the theoretical
predictions is achieved. Additionally the authors use the new approach to describe the adsorption
isotherms for nitrogen and methane on dry activated carbon. © 2007 American Institute of Physics.
#DOI: 10.1063/1.2483505$
I. INTRODUCTION

Confined fluids are ubiquitous in chemical, geological,
and biological processes and systems, for example, in the
development of functionalized nanoporous adsorbents for
enviromental remediation1 and nanoporous materials to separate contaminants from waste streams,2 in releasing the oil
trapped in pores during enhanced oil recovery, in biochemical separations using biomolecules in narrow pores,3 and in
membrane transport through ion channels. Molecules confined within narrow pores exhibit physical behavior that can
be significantly different from that observed in the bulk, as
the introduction of surface forces and the competition between surface-wall and fluid-fluid interactions can lead to
new kinds of phase changes not observed in the bulk.4 Of
particular relevance are the confined fluids created by the
selective adsorption of water, oil, gas, and enhanced oil recovery !EOR" fluids into the pores present in soil and rocks,
and the phase transitions in these confined fluids. Hence, to
improve the efficiency of EOR processes, a fundamental understanding of the phase behavior of confined fluids is
needed.
Confinement effects can be taken into account by modeling fluids in the presence of an external potential due to the
molecules forming the internal surface of the confining
pores, or “wall.” As a consequence of this external interaction the fluid molecules adsorb onto the surface of the wall
and changes in the thermodynamic properties of the fluid
near the wall are observed in comparison with their bulk
values, under the same conditions. The density of the fluid
a"
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near the wall becomes a function of the normal distance between the center of mass of a molecule and the wall, say, z.
This introduces an inhomogeneity in the density and consequently other thermodynamic properties that are functions of
the density also become z dependent. This local density naturally tends to the bulk value !independent of z" as we move
further away from the wall.
Theoretical approaches to inhomogeneous fluids fall into
two broad categories: density functional theory !DFT" and
integral equation theories. DFT, in which the thermodynamic
properties are expressed as functionals of the spatially varying single particle density, is perhaps the most widely used
theory of inhomogeneous fluids.5 Integral equation theories
have proven useful for studying the structure of confined
fluids, though the description of phase changes has proven
more difficult. The DFT approach to adsorption was proposed by Ebner et al.6 by minimization of the grand potential
! = −PV, where P is the pressure and V the volume of a fluid
with a characteristic inhomogeneous density "!r". The grand
potential can be written as
! = A!"!r"" +

%

dr"!r"#w!r" − #$,

!1"

where A is the Helmholtz free energy in the absence of an
external field, w the external field due to the pore material,
and # the chemical potential. This approach has been widely
used to characterize the behavior of confined fluids, such as
adsorption phenomena and capillary condensation in
pores.7–12
Over the last decade, the statistical associating fluid
theory !SAFT",13,14 based on the thermodynamic perturbation theory for fluids with highly anisotropic interactions developed by Wertheim,15–20 has been extensively used to cal-
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culate the phase behavior of associating and nonassociating
fluid systems. The SAFT approach has proven to be a powerful molecular based equation of state and has been applied
to a wide variety of complex and industrially relevant fluid
systems. Due to its predictive accuracy and versatility, the
SAFT approach is rapidly superseding well established
chemical engineering equations of state. Over the years several variations of the theory that have been proposed have
improved the scope of application and predictive power of
the method, including several SAFT-DFT approaches to
study the liquid-vapor interface and confinement properties
of associating fluids.21–26 See Refs. 27–30 for reviews on the
SAFT approach.
In this work we broaden the scope of the statistical associating fluid theory for potentials of variable range31
!SAFT-VR" to describe the adsorption of chain molecules,
based on a quasi-two-dimensional approach to describe the
adsorbed fluid. In the spirit of the original SAFT-VR approach the theory developed is general in that different types
of particle-particle and particle-wall potential models can be
used. In this paper we present results for nonassociating
chain molecules formed from spherical segments interacting
via a square-well potential adsorbing on a uniform structureless wall. Results for a series of model fluids in comparison
with computer simulation data are presented in order to validate the theory which is then applied to model the adsorption
isotherms of methane and nitrogen on dry activated carbon.
II. THEORY

Previous studies on theoretical modeling of the adsorption of noble gases and other substances on structureless surfaces have been developed on the basis of mean-field theories in conjunction with a quasi-two dimensional
approach.32–34 In this work we go beyond the mean-field
approach by using the SAFT framework combined with perturbation theories for simple fluids. We first present the
theory for the adsorption of monomer fluids and then consider chain fluids before summarizing the main expressions
used in the SAFT-VR approach to describe the twodimensional !2D" and three-dimensional !3D" fluids.
A. Adsorption of monomeric fluids

The model that we consider is a single-component fluid
in the presence of a uniform wall. The fluid consists of N
spherical particles of diameter $. Due to the wall, the behavior of the particles is different depending upon their distance
to the wall. The interaction exerted by the wall on a particle
is given by

&

'

if z ( 0

u pw!z; $,%w, &w" = − &w if 0 ) z ( %w$
0
if z * %w$ ,

'

!2"

where z is the perpendicular distance of the particles from
the wall, &w is depth, and %w$ is the range of the attractive
potential. Hence we can describe the system as being composed of two subsystems: a fluid whose particles are near to
the wall, i.e., when z ( %w$, which we shall refer to as the
“adsorbed fluid,” and a fluid whose particles are far from the

wall, i.e, when z * %w$, i.e., the “bulk fluid.” In this way the
length scale that characterizes the adsorbed fluid is given by
%w$. This approach is formally valid if we do not take into
account the interface between the adsorbed and bulk fluids.
The adsorbed and bulk fluids have different properties
due to the wall; it is well known that the interaction between
molecules is modified by the presence of the wall and therefore the pair interaction between particles is different for the
adsorbed and bulk phases.35,36 We denote upp!r ; & , %" and
ads
!r ; &ads , %ads" as the pair potential for particles in the bulk
upp
and adsorbed phases, respectively, where & and % !or &ads and
%ads" are parameters that describe the energy depth and the
range of the potential for the bulk and adsorbed particles,
respectively.
Due to the presence of the wall, the fluid particle density,
", will be a function of z. To describe the amount of adsorbed
particles the coverage + is introduced and defined as
+=

%

'

0

dz#"!z" − "b$,

!3"

where "b is the density of bulk particles, i.e., "!z → '". Since
the length scale of the adsorbed fluid is defined by %w$, we
can rewrite Eq. !3" as
+=

%

%w$

0

dz"!z" − "b%w$ ,

!4"

where the integral of "!z" in the right-hand term of Eq. !4" is
the surface or adsorbed density,

"ads =

%

%w$

dz"!z".

!5"

0

Equation !5" can be identified with a two-dimensional density, in such a way that the properties of the adsorbed fluid
are represented as a 2D fluid.
Since in thermodynamic equilibrium, the chemical potentials of the adsorbed !#ads" and bulk !#b" phases must be
equal for a given temperature T and bulk pressure P, "ads can
be obtained by solving the equation
!6"

#ads = #b .

The formal identification of the adsorbed fluid as a 2D
system can be described as a decoupling of the x , y coordinates from the coordinate z for each adsorbed particle. In a
similar way to the definition of the adsorbed density, we can
define a 2D potential ,!x , y ; &2D , %2D" from the actual pair
ads
!r ; &ads , %ads" by intergrating over the z coordipotential upp
nate,

,!x,y; &2D,%2D" =

%

%w$

0

ads
dzupp
!r; &ads,%ads".

!7"

According to the definitions introduced previously, the
partition function of the adsorbed fluid is given as
Zads =

N
Vads
Qads ,
N!-3N

!8"

where Vads is the volume containing the adsorbed fluid, - is
the de Broglie thermal wavelength - = h / !2.mkT"1/2 in
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terms of Planck’s constant h and the mass m of the particles,
and Qads is the configurational partition function given by
Qads =

1
N
Vads

%

dxNdy NdzNe−//2N!N−1",!x,y"−Nupw!z" .

!9"

By introducing the adsorption area S, we have that Vads
= S%w$, and Qads can be rewritten as
!10"

Qads = Q1DQ2D ,

where Q1D and Q2D are the one- and two-dimensional configurational partition functions, respectively, given by
Q1D =

1
!%w$"N

%

(

dzNe−/Nupw!z" =

)%0 w$dze−/upw!z"
% w$

*

N

,
!11"

and
Q2D =

1
SN

%

dNxdNye−//2N!N−1",!x,y" .

!12"

The configurational partition function Q1D in Eq. !11" can be
evaluated using the mean-value theorem, i.e.,

%

%w$

0

dze−/upw!z" = %w$e−/upw!z!" ,

!13"

where z! is the value of the coordinate z that guarantees the
mean value of the Boltzmann factor. In this way we obtain a
simple result for Q1D,
Q1D = e−N/upw!z!" ,

!14"

and the final expression for the partition function given in
Eq. !8" becomes
Zads =

( *

% w$
SN
2N + ln Q2D +
N!-

N

− N/u pw!z ! ".

!15"

Applying the standard relation A = −kT ln Z, the Helmoltz
free energy of the adsorbed fluid is given by

+ ,

% w$
Aads A2D
=
− ln
+ /u pw!z ! ",
NkT NkT
-

!18"

Obtaining the chemical potentials #ads and #b from Eqs. !16"
and !18", we can rewrite Eq. !6" in the following way;

#3D = #2D + #w ,

!19"

where #3D and #2D are the chemical potentials for 3D and
2D fluids, respectively, and #w is the contribution to the
chemical potential due to the wall,

/#w = − ln!%w" + /u pw!z ! ".

!20"

Before finishing this section, it is important to note that
the method presented here can be extended to describe adsorption phenomena where the particle-particle and wallparticle interactions are described by discontinuous potentials of more general form than the square-well !SW"
potential. A general theory for 3D discrete-potential fluids
has been presented by Benavides and Gil-Villegas37 and
Vidales et al.38 that can accurately describe the properties of
Lennard-Jonessium systems, and can easily be extended to
2D fluids, using the approach presented here.
B. Adsorption of chain molecules

The theory presented in Sec. II A above is easily extended to the general case of adsorption of homonuclear and
heteronuclear chain molecules,39,40 within the SAFT-VR
framework.31,41 In the simplest case of homonuclear molecules, we consider that the fluid is formed by N molecules
each composed of m spherical segments of diameter $. We
assume that the particle-particle and particle-wall interactions are described by square-well potentials. The thermodynamic equilibrium between the bulk and adsorbed fluid is
obtained from the equality of the chemical potentials, as
given by Eq. !19". The chemical potentials are derived from
the SAFT-VR expressions for the Helmholtz free energies
for 3D and 2D chain-molecule fluids. The 2D case has been
developed recently and is reported elsewhere.42

!16"

where A2D is the Helmholtz free energy of a two-dimensional
fluid interacting via the potential ,!x , y", which can be described by perturbation theory,
AHD
A2D
2 2D
= ln!"ads-2" +
+ /a2D
1 + / a2 .
NkT
NkT

A3D
AHS
= ln!"b-3" +
+ / a 1 + / 2a 2 .
NkT
NkT

!17"

Here AHD is the excess Helmholtz free energy for a fluid of
2D
hard disks, / = 1 / kT, and a2D
1 and a2 are the first two terms
of the perturbation expansion in 2D. It is also relevant to
stress that the expression given for Q1D is exact, and this
information appears in Eq. !16" as an external field that essentially can be used to define the energy parameter of the
wall, &w. For the simple case where the wall-particle interaction is given by a square-well interaction of range %w$ and
energy depth &w, we have that u pw!z ! " = −&w.
For the bulk fluid, we consider an analogous perturbation expression,

C. 3D and 2D SAFT-VR approach

The Helmholtz free energy for chain molecules in the
SAFT-VR approach is written as separate terms, which account for the ideal, monomer, and chain contributions to the
free energy,
A
Aideal Amono Achain
=
+
+
.
NkT NkT
NkT
NkT

!21"

Here we summarize the main expressions for these quantities, in three and two dimensions. Detailed information about
the 3D expressions can be found in Ref. 31 and for the 2D
case in Appendix.
1. Ideal contribution
ideal
A3D
= ln!"b-3"
NkT

!22"
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ideal
A2D
= ln!"ads-2",
NkT

!23"

where - is the thermal de Broglie wavelength.
2. Monomer contribution
mono
A3D
A3D
,
=m
NskT
NkT

!24"

mono
A2D
A2D
,
=m
NskT
NkT

!25"

where A3D and A2D are the Helmholtz free energies for 3D
and 2D monomeric fluids, respectively, i.e., systems composed by Ns spheres interacting via a SW potential. These
terms are obtained from perturbation theory, as expressed by
Eqs. !18" and !17".
3. Chain contribution
chain
A3D
= − !m − 1"ln y 3DSW!$",
NkT

!26"

chain
A2D
= − !m − 1"ln y 2DSW!$",
NkT

!27"

where y 2DSW and y 3DSW are the 2D and 3D background correlation functions that are obtained from the respective radial
distribution function using the well-known relationship y!r"
= g!r"e/u!r". Following the SAFT-VR procedure, g!r" is obtained also from a high temperature perturbation expansion
approach,

/&g3D
1 !$",

!28"

g2DSW!$" = gHD!$" + /&g2D
1 !$".

!29"

g

3DSW

HS

!$" = g !$" +

III. COMPUTER SIMULATIONS

In order to validate the new theoretical approach and
determine the conditions under which the approximations developed in this work are valid, computer simulations have
been performed to calculate the adsorption isotherms for a
monomeric SW fluid confined between planar walls. Simulations were performed using the Gibbs ensemble Monte
Carlo simulation method for inhomogeneous fluids
!GEMC-IFs",43 which provides structural and thermodynamic properties for bulk and confined fluids. In the
GEMC-IF method the bulk and confined fluids are simulated
in two different boxes. Using a Monte Carlo procedure, particles are moved through independent displacement of the
particles in both boxes and an interchange of particles between boxes, keeping the total number of molecules constant. A cycle is defined by N particle displacements and a
fixed number of particle interchanges. The number of attempted particle interchanges was controlled so that above
5% of the molecules are exchanged each cycle. The results
presented here were obtained using 1728 particles and
40 000 cycles for equilibration, with another 40 000 for av-

FIG. 1. Adsorption isotherms for a monomeric SW fluid confined between
planar walls at T* = 1.5 The wall-particle interaction is described by a SW
potential with depth &w and range %w. Symbols are 2D packing fractions
obtained from density profiles simulated with the Gibbs ensemble Monte
Carlo technique for inhomogenous fluids. The particle-particle SW range is
% = 1.5, whereas the particle-wall SW range is %w = 0.2453. Different isotherms are reported, according to the value of &* = &w / &. Lines correspond to
the theoretical predictions obtained from the SAFT-VR approach for bulk
!3D" and adsorbed !2D" fluids. Symbols are GEMC-IF results.

eraging. All simulations were performed for a fixed distance
of 15$ between the walls. Additional details of the procedure
followed are described in Refs. 44 and 45.
From the simulated density profiles "!z", the bulk and
confined packing fractions were obtained as 0 = ."b$3 / 6 and
1 = ."ads$2 / 4, respectively. The adsorbed density was then
evaluated through Eq. !5", viz.,

"ads =

%

%w$

"!z"dz.

!30"

0

IV. RESULTS

A comparison of the theoretical predictions and simulation data for the adsorption isotherms of SW monomeric fluids with range % = 1.5 is presented in Fig. 1. Adsorption isotherms are given for five different wall-particle interactions,
according to the energy depth of the SW fluid, namely, &*
= &w / & = 0.0, 2.0, 4.0, 6.0, and 8.0. Very good agreement between the theoretical predictions and simulation data is observed for 0 ( 0.3 if &* ( 2.0, and for 0 ( 0.4 if &* * 2.0.
Deviations are significant in the high bulk-density and low
wall-energy region. In order to visualize the behavior represented by the adsorption isotherms, in Fig. 2 we present a
series of snapshots for a low !&* = 2.0" and a high value !&*
= 8.0" of the wall-particle energy. Packing fractions at approximately the same value for the two systems chosen were
selected. These values were 0 = 0.0329, 0.0606, 0.1583, and
0.3789 when &* = 2.0, and 0 = 0.0179, 0.0400, 0.1289, and
0.3737 when &* = 8.0. From these snapshots we can see that
for the highest value of &* well defined layers of the adsorbed
fluid are observed for all densities. In the case of the lowest
energy, the layers are not as well formed. Therefore we can
conclude that the quasi-2D approach used here to describe
the adsorbed fluid is a valid approximation when the formation of layers is enhanced. This result suggests that the par-
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FIG. 3. Adsorption isotherms for methane adsorbed on dry activated carbon
at 318.2 K. Gibbs and absolute adsorption isotherms are reported scaled
with their respective values at 0.55 MPa. Theoretical correlations are represented as lines and the experimental data !Ref. 48" as symbols.

FIG. 2. Snapshots of configurations from simulations reported in Fig. 1.
Left-hand-side images correspond to &* = &w / & = 2.0 with bulk fluid packing
fractions 0 given as !a" 0.0329, !b" 0.0606, !c" 0.1583, and !d" 0.3789.
Right-hand-side images correspond to &* = 8.0 with 0: !a" 0.0179, !b"
0.0400, !c" 0.1289, and !d" 0.3737.

ticles within the layers behave effectively as a 2D system,
and the effect is more noticeable as &! increases. As we will
discuss next, experimental values of adsorption energies correspond to high values of &!.
Having validated the new theoretical approach we now
test the application of our theory to real substances. In particular, we have studied the adsorption of methane and nitrogen on dry activated carbon. In Table I the molecular parameters used to describe the bulk and adsorbed fluids are
reported. The bulk fluids were modeled using parameters
previously reported for methane and nitrogen within the
SAFT-VR approach.31,46,47 As we can see from Table I,
methane is represented by a monomeric fluid !m = 1" and
nitrogen as a nonspherical molecule !m = 1.33", in both the

bulk and adsorbed phases. The diameters of the spherical
segments, $, are also the same for bulk and adsorbed molecules, whereas the parameters of the SW attractive potentials are different. These differences are due to the influence
of the substrate on the pair potential, as we have discussed
before. According to the theoretical results derived by Sinanoglu and Pitzer36 for a Lennard-Jones fluid, the energy
well depth of the particle-particle potential in an adsorbed
monolayer is reduced by 20%–40% from its bulk phase
value. In our case, we selected a reduction factor of 20%, as
reported in Table I for &ads for methane and nitrogen. Once
&ads is selected in this way, the range %ads can be determined
by reproducing the experimental ratio between the critical
ads
temperatures of the bulk !Tbulk
c " and adsorbed !Tc " phases,
ads
bulk
i.e., Rc = Tc / Tc . This ratio is known for the case of noble
gases and methane adsorbed onto a graphite surface, Rc
- 0.4. %ads was determined in order to reproduce this ratio
with the parameter values for methane and nitrogen !i.e., m,
$, &, %, and &ads" as reported in Table I.
In Table I we also report the parameter values used for
the wall-particle potential. A value of 0.8165 was used for
the range %w and corresponds to the upper limit that can be
used to describe monolayer adsorption according to meanfield criteria.34 The energy parameter &w was fitted in order to
reproduce the adsorption isotherm data.
In Figs. 3 and 4 we present results obtained for the adsorption isotherms of methane and nitrogen on dry activated
carbon. Gibbs and absolute adsorption isotherms were obtained according to Eqs. !4" and !5", respectively, and compared with the experimental data reported by Sudibandriyo et
al.48 We can see that the agreement between the theoretical
correlations and experimental data in both cases are very

TABLE I. Values of the molecular parameters used to describe methane and nitrogen adsorption on dry
activated carbon.
Substance

m

$ !Å"

%

& / k !K"

%ads

&ads / k !K"

%w

&w / &

Methane
Nitrogen

1.0
1.33

3.670
3.159

1.444
1.550

168.8
81.4851

1.2
1.4737

133.1
65.188

0.8165
0.8165

7.80
10.0
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1. SAFT-VR 3D

The hard-sphere Helmhotz free energy is given by the
Carnahan-Starling equation,50
AHS 40 − 302
=
.
NskT !1 − 0"2

!A1"

The corresponding contact value of the radial distribution
function, required to evaluate the chain contribution to the
free energy, is given by
gHS!$, 0" =

1 − 0/2
.
!1 − 0"2

!A2"

The first-order perturbation term a3D
1 is given by
FIG. 4. Adsorption isotherms for nitrogen adsorbed on dry activated carbon
at 318.2 K. Gibbs and absolute adsorption isotherms are reported scaled
with their respective values at 0.69 MPa. Theoretical correlations are represented as lines and the experimental data !Ref. 48" as symbols.

good. The values obtained for &! of 7.80 for methane and
10.0 for nitrogen were determined from a best fit to the experimental data. It is important to note here that &! could be
estimated from experimental values of the adsorbate energies
Uw, if this is known. For example, for krypton adsorbed on
graphite Uw = 11.72 kJ/ mol !Ref. 49" and would correspond
to & ! = 8.168,34 which is of comparable magnitude to the
values used in this work.
V. CONCLUSIONS

In this study we have extended the scope of the
SAFT-VR approach to model adsorption isotherms for nonassociating chain fluids. Using a quasi-2D approach, we have
shown that the new theory can accurately describe computer
simulation results for a number of model systems. In addition, we have shown that the new approach can be used to
reproduce accurately the adsorption of real substances using
molecular parameters obtained independently for modeling
bulk fluids with the SAFT-VR equation. This work represents the first extension and application of the SAFT-VR
method to model confined fluids. In future work, issues such
as the heterogeneity of the confining surfaces as well as the
size of the pores will be considered.
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APPENDIX: 3D AND 2D SAFT-VR EXPRESSIONS

In this appendix we report detailed expressions required
to apply the theoretical approach developed in this article.
The reader is directed to Refs. 31 and 42 for additional
details.

3
HS
a3D
1 = − 40&!% − 1"g !$, 0eff",

!A3"

where the contact value of the HS radial distribution function
is used again but evaluated at an effective packing fraction,
0eff, given by

0eff = c10 + c202 + c303 ,

!A4"

where c1, c2, and c3 are quadratic expressions of the range %,
c1 = 2.258 55 − 1.503 49% + 0.249 434%2 ,

!A5"

c2 = − 0.669 270 + 1.400 49% − 0.827 739%2 ,

!A6"

c3 = 10.1576 − 15.0427% + 5.308 27%2 .

!A7"

The second-order perturbation term a3D
2 is obtained from the
local compressibility approximation,
1
a3D
2 = 2&

#a3D
!1 − 0"4
1
0
.
1 + 40 + 402 #0

!A8"

The first-order perturbation term of the contact value of the
SW radial distribution function is derived from a selfconsistent procedure that enforces the equality of the pressure obtained from the Helmholtz free energy and the pressure obtained from the Clausius virial theorem,
1
g3D
1 !$" = 4 /

(

*

#a3D
% #a3D
1
1
−
.
#0
30 #%

!A9"

2. SAFT-VR-2D

The corresponding expressions for the 2D version of the
SAFT-VR approach follow the same structure as in the 3D
case.
The Helmholtz free energy for a hard-disk fluid is obtained from the Henderson equation,51
91
7
AHD
=
− ln!1 − 1",
NskT 8!1 − 1" 8

!A10"

and the corresponding contact value of the radial distribution
function gHD is given by
gHD!$" =

1 − 71/16
.
!1 − 1"2

!A11"

The first order perturbation term of the Helmholtz free energy is given by
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2
HD
a2D
1 = − 21&!% − 1"g !$, 1eff",

!A12"

where, as in the 3D case, the radial distribution function at
contact, gHD, is evaluated with an effective packing fraction
1eff given by

1eff = d11 + d212 ,

!A13"

where
d1 = 1.4215 − 0.405 625% − 0.386 981%2 ,

!A14"

d2 = 1.5582 − 1.897 68% + 0.405 215%2 .

!A15"

and
The second-order term is given by the local compressibility
approximation result,
1
a2D
2 = 2&

#a2D
!1 − 1"3
1
1
.
1 + 1 + 0.37512 − 0.12513 #1

!A16"

Finally, g2D
1 !$" is given by the self-consistent expression,
g2D
1 !$" =
1

(

*

1 #a2D
% #a2D
1
1
−
.
2& #1
21 #%

!A17"
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