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ABSTRACT: Density functional theory (DFT) is commonly used to treat the adsorption of
molecules in carbon and silica pores of various geometries. In this work, we develop a DFT with
an accurate molecular-based equation of state to calculate thermodynamic properties using
fundamental measure theory (FMT), which is a rigorous approach for the treatment of
homogeneous and nonhomogeneous hard-sphere ﬂuids. A theoretical framework results with
adsorbing molecules treated as hard-sphere chains with square-well attractive interactions. The
Mansoori−Carnahan−Starling−Leland and Carnahan−Starling−Boublik equations of state are
used for the hard-sphere interactions, and a version of the statistical associating ﬂuid theory for
potentials of variable range (SAFT-VR) is used to describe the square-well ﬂuid. First- and
second-order perturbative attractive terms are included in the theory. Theoretical predictions are in good agreement with
published results for Monte Carlo simulations of the adsorption of chain molecules. In an extension to published studies, the
impact of potentials of increasing complexity are compared using square-well and Lennard−Jones wall potentials. For more
realistic adsorption of molecules of varying chain length, full slit-shaped pores are modeled using a 10−4 wall potential. The new
approach provides accurate predictions of adsorption of chain molecules in model systems. It should be useful for predicting
adsorption on ﬂat surfaces and in slit-shaped pores as well as for analyzing experimental data.

1. INTRODUCTION
Use of molecular simulation, development of accurate models,
and comparison of theoretical predictions with experimental
results help to advance our understanding of adsorption and its
application. The introduction of density functional theory
(DFT) to model inhomogeneous ﬂuids represented a
signiﬁcant advance toward understanding conﬁned ﬂuid
behavior and was encouraged by the desire to model a variety
of phase transitions accurately.
Many versions of classical DFT have been proposed to
calculate the thermodynamic properties of systems of varying
complexity. In an early treatment, Tarazona1,2 introduced a
weighted density approximation for spherical molecules in
which a power series expansion in density was used to describe
the direct correlation function. This approach has been applied
to many problems in adsorption.3−10 Our development is based
instead on the application of fundamental measure theory.
Fundamental measure theory (FMT) was developed by
Rosenfeld11,12 and later improved upon by Roth et al.13 as an
extension of scaled particle theory for inhomogeneous ﬂuids.
However, Roth’s advancement of FMT could not satisfy one of
the central equations of the Rosenfeld FMT; speciﬁcally, the
theory was not consistent with the scaled particle theory
diﬀerential equation in the bulk.14,15 This led to an improvement by Hansen-Goos and Roth,14 which corrected the
inconsistency. FMT uses simple geometric factors that describe
the direct correlation function and has been used for a variety
of applications in phase transitions6,16 and adsorption.6,16−19
Reviews15,20,21 of the development of DFT for spherical
molecules are available for both the weighted density
approximation and FMT. Evans21 elaborates on the success
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of incorporating Rosenfeld’s FMT into a DFT, including for
mixtures of hard spheres.
There is much interest in expanding the use of DFT to
systems of more complex molecules, such as chain ﬂuids and
polymers. In order to predict the properties of such molecules,
the pioneering work by Wertheim22−25 on thermodynamic
perturbation theory has been utilized by several groups to
develop combined statistical associating ﬂuid theory (SAFT)DFT approaches.
In the SAFT approach, a ﬂuid is described by a chain of
tangentially bonded monomer segments that interact via
dispersion and association sites. The free energy is obtained
from a sum of the diﬀerent contributions that account for the
monomer−monomer interaction, chain formation, and intermolecular association. Since the SAFT EOS has a ﬁrm basis in
statistical mechanical perturbation theory for well-deﬁned
molecular models, systematic improvement (e.g., by improved
expressions for the monomer free energy and structure) and
extension of the theory (e.g., by considering new monomer
ﬂuids, bonding schemes and association interactions) is
possible by comparing the theoretical predictions with
computer simulation results on the same molecular
model.26−29 Due to its role in improving and validating the
theory, the importance of having an underlying molecular
model in contrast to engineering equations of state cannot be
overemphasized. In comparing with experimental data, it is
important to be aware of the error inherent in the theory, as
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a DFT using a modiﬁed version of Rosenfeld’s FMT and a
version of SAFT based on SAFT-VR to treat the adsorption of
conﬁned chain molecules. For the chain ﬂuids, we use a
perturbation analysis for attractive terms out to second order,
rather than assume a mean ﬁeld. We compare our results with
Monte Carlo simulations of hard-sphere chains near hard walls
and chains with attractive potentials in the presence of hard
walls and attractive walls. We then compare results for attractive
chains in slit pores with a square-well attractive wall potential
and a Lennard−Jones attractive wall potential. Finally, we use
the theory to predict density proﬁles in full pores with
interactions described by a 10−4 potential.

revealed by comparison with computer simulation results,
before attempting to estimate the intermolecular parameters.
This invaluable advantage over empirical EOSs has resulted in
many extensions and variations of the original SAFT
expressions, which essentially correspond to diﬀerent choices
for the monomer ﬂuid and diﬀerent theoretical approaches to
the calculation of the monomer free energy and structure. The
simplest SAFT approach describes associating chains of hardsphere segments with the dispersion interactions described at
the mean-ﬁeld level (SAFT-HS).30,31 At a similar level of theory
is the most extensively applied version of SAFT, that of Huang
and Radosz (SAFT-HR),32 which has been used to correlate
the phase behavior of a wide range of ﬂuid systems.
Comparisons with SAFT-HR are often provided when a new
version of SAFT is developed to demonstrate the improved
ability of the new equation; however, direct and meaningful
comparisons between the more recent “second-generation”
SAFT equations (namely, soft-SAFT,33,34 SAFT-VR,35 and PCSAFT36) are more rare. From the limited number of studies
that have performed such comparisons, it is clear that any one
version is not superior over the others in general terms.37−42 A
recent review by McCabe and Galindo43 provides a thorough
discussion of the various forms of SAFT and the many systems
to which they have been applied. Of particular relevance to this
work is SAFT-VR,35 which keeps a more formal link with the
molecular model than other versions of SAFT and as such can
be more easily rigorously extended to study more complex
molecular models.44−47 SAFT-VR has been applied to the study
the phase behavior of a wide range of ﬂuids, though of
particular relevance to the current work are the studies of short
alkanes through to polymers.26,27,39,48−50
Several molecular theory-based equations of state, including
multiple versions of SAFT, have been combined with DFT
using modiﬁed versions of Rosenfeld’s FMT. Among those
most relevant to this work, Yethiraj and Woodward51 and
Forsman and Woodward52 developed a DFT for square-well
chains in hard-wall slit pores. Their approach combined the
generalized Flory equation of state with a DFT based on a
weighted density approximation for the free energy functional.
Jackson and co-workers53,54 developed a SAFT-based DFT by
combining SAFT-HS30,31 with a local density approximation to
model the vapor−liquid interface of associating ﬂuids. Only
qualitative agreement with experimental surface tension data
was found, and in subsequent work, SAFT-HS was replaced by
the SAFT-VR equation resulting in more accurate predictions
of the surface tension due to the more accurate description of
the bulk properties.55−59 Yu and Wu60,61 and Yu et al.62
combined the ﬁrst-order thermodynamic perturbation theory of
Wertheim22,23 for hard-sphere chains with a modiﬁed version of
Rosenfeld’s FMT to predict the adsorption behavior of
mixtures of hard polymeric ﬂuids. Bryk et al.63 later combined
Roth’s version of FMT and SAFT for tangentially bonded
Lennard−Jones (LJ) chains to study the vapor−liquid interface
of associating LJ chains as well as their adsorption in slit pores.
Ye et al.64,65 used SAFT-VR as the input to a DFT similar to
that of Yethiraj and Woodward51 to describe chain molecules
and attractive wall potentials inside slit pores. Chapman and coworkers developed interfacial SAFT (iSAFT) by combining a
DFT based on Rosenfeld’s FMT for monomers with bulk ﬂuid
properties obtained from a mean-ﬁeld level SAFT to model
bulk and interfacial adsorption properties.66,67
In this paper, we extend the theory of Yu and Wu61 to treat
adsorption on ﬂat surfaces and in slit-shaped pores. We develop

2. THEORY
The treatment developed here constructs a DFT using a
version of SAFT based on the SAFT-VR approach for the bulk
ﬂuid thermodynamics.35 The DFT is implemented for
inhomogeneous ﬂuids near plane walls and ﬂat pore walls
through introduction of FMT for hard-sphere and hard-sphere
chain interactions to permit the use of SAFT to describe the
attractive potential. In doing so, SAFT is transformed from a
method for the treatment of a homogeneous ﬂuid in the bulk to
a method for analysis of an inhomogeneous ﬂuid near a surface.
First- and second-order perturbation terms for the attractive
potential originate in SAFT-VR, but it is necessary to recast
them for the inhomogeneous ﬂuid. Below we outline the main
expressions of the SAFT-FMT-DFT approach developed for
conﬁned and bulk ﬂuids and provide additional details in the
Appendix.
Density functional theory is used to calculate the density
proﬁle that minimizes the grand potential function Ω[ρm(R)],
where ρm(R) is the density proﬁle of a chain molecule as a
function of segment position, i.e., R  (r1, r2,...,rm), and m is
the number of segments in the chain. Minimization is
performed by setting the functional derivative of the grand
potential with respect to density equal to zero to obtain ρm(R).
The grand potential is calculated from
Ω[ρm (R)] = F[ρm (R)] +

∫ ρm (R)[Vext(R) − μ]dR

(1)

where F[ρm(R)] is the Helmholtz free energy, μ is the chemical
potential for the chain molecule calculated from a version of the
SAFT-VR equation of state in the bulk (see appendix), and
Vext(R) is the external potential.
The Helmholtz free energy is calculated from an ideal term
and excess terms. In the general formulation of SAFT, the
excess terms describe hard-sphere repulsion, attractive interactions, and chain connectivity. Since we are incorporating both
ﬁrst- and second-order perturbation terms, we write the
Helmholtz free energy and the chemical potential as
F = Fid + Fhs + F1 + F2 + Fchain

(2)

μ = μid + μ hs + μ1 + μ2 + μchain

(3)

where the terms correspond to the ideal, hard-sphere, ﬁrstorder attractive, second-order attractive, and chain contributions, respectively.
The ideal term is calculated by
Fid = kT

∫ ρ(r)[ln(Λ3ρ(r)) − 1]dr

(4)

where Λ is the de Broglie wavelength. The segment density
ρ(r) is used instead of ρm(R) because we are solving for the
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segment density, not the molecular density. The chemical
potential contribution of the ideal term is calculated from
3

μid = kT ln(ρm , b Λ )

ϕ2(n3) =

∫ ρ(r′)ωi(r − r′)dr′

ϕ3(n3) =

ω1(r ) =

The chemical potential contribution for the hard-sphere term is
calculated from

(6)

μ hs = mkT ∑
i

(7)

ω 2 (r )
4πR

(8)
(9)

in which the attractive potential is the square-well given by

∫

ωV 2(r)
4πR

⎧
−εff if σff ≤ r < λf σff
⎪
ϕ(r ) = ⎨
⎪
if r ≥ λf σff
⎩0

(12)

for a sphere of radius R, where Θ is the Heaviside step function
and δ is the Dirac delta function. The vector terms nV1 and nV2
vanish in the bulk.
The contribution of the hard-sphere repulsive term to the
free energy is calculated in FMT using13−15

∫ Φhs[nα(r′)]dr′

⎛
∂g hs ∂ηe ⎞
⎟
μ1 = −4mε(λf3 − 1)⎜⎜2n3,bgehs + n3,b 2 e
∂ηe ∂n3,b ⎟⎠
⎝

where, following Gil-Villegas et al. for SAFT-VR, the hardsphere radial distribution function at contact is calculated using
the Carnahan−Starling68 expression

In the original “White Bear” version of FMT by Roth et al.,13 a
Mansoori−Carnahan−Starling−Leland (MCSL) ﬂuid, which is
described by an equation of state for hard-sphere mixtures that
reduces to the Carnahan−Starling equation of state68 for single
components, was used to give
n n − nV 1·nV 2
Φhs[nα(r)] = −n0 ln(1 − n3) + 1 2
1 − n3

gehs =

ηe =

2

Φhs[nα(r)] = −n0 ln(1 − n3) + (n1n2 − nV 1·nV 2)
1

×

1
1 − 3 ϕ3(n3)
24π (1 − n3)2

(22)

c1n3,b + c 2n3,b 2
(1 + c3n3,b)3

⎛ 1/λf ⎞
⎜
⎟
⎛ c1 ⎞ ⎛−3.165 13.35 −14.81 5.703 ⎞⎜1/λ 2 ⎟
⎟⎜ f ⎟
⎜c ⎟ ⎜
⎜⎜ 2 ⎟⎟ = ⎜⎜ 43.00 −191.7 273.9 −128.9 ⎟⎟⎜ 3 ⎟
1/λ
⎝ c3 ⎠ ⎝ 65.04 −266.5 361.0 162.7 ⎠⎜ f ⎟
⎜⎜ 4 ⎟⎟
⎝1/λf ⎠

The more recent “White Bear Mark II” revision of FMT by
Hansen-Goos and Roth14 corresponds to a Carnahan−
Starling−Boubliḱ (CSB) ﬂuid and is of the form

1 − n3

(1 − ηe)3

(23)

with

− n3)

(14)

1 + 3 ϕ2(n3)

1 − ηe /2

The eﬀective density ηe is calculated for an extended value up
to λf = 3 using the relation of Patel et al.71

(n23 − 3n2 nV 2 ·nV 2)(n3 + (1 − n3)2 ln(1 − n3))

×

(21)

35

(13)

36πn32(1

(20)

where σff = 2R is the hard-sphere diameter, and the hard-sphere
radial distribution function, ghs[n3(r);r], developed by Chang
and Sandler69 with a Verlet−Weis70 correction, is a function of
density and distance. The chemical potential contribution for
the ﬁrst-order term is

(11)

r
δ(R − r )
r

∫

(19)

(10)

ωV 2(r) = ∇Θ(R − r ) =

+

(18)

4πR2

ω 2 (r )

ω3(r ) = Θ(R − r )

Fhs = kT

∂Φbhs ∂ni , b
∂ni , b ∂ρb

where in the bulk n0,b = ρb, n1,b = Rρb, n2,b = 4πR2ρb, and n3,b =
(4/3)πR3ρb.
For the attractive terms, a perturbation analysis35 gives for
the ﬁrst-order term
1
F1 =
ρ(r′) ρ(r″)g hs[n3(r″); r″]ϕ(|r′ − r″|)dr″dr′
2

ω2(r ) = |∇Θ(R − r )| = δ(R − r )

ωV 1(r) =

1
[2n3 − 3n32 + 2n33 + 2(1 − n3)2 ln(1 − n3)]
n3 2
(17)

where the subscript (i = 0, 2, 3, V1, V2) denotes the weighting
function. The six weighting functions are related to the
geometry of a molecule and are
ω0(r ) =

(16)

and

(5)

where ρm,b is the molecular number density, which is equal to
ρb/m, where ρb is the bulk segment number density.
The hard-sphere term is calculated in FMT using a series of
four scalar and two vector densities, which are deﬁned by
ni(r) =

1
[2n3 − n32 + 2(1 − n3)ln(1 − n3)]
n3

+ (n2 3 − 3n2 nV 2 ·nV 2)

(24)

The second-order attractive term adopted here is an
improvement on the treatment of Barker and Henderson,72,73
which was used in SAFT-VR. Developed by Zhang74 and based
on a macroscopic compressibility approximation that takes the
correlation of molecules in neighboring shells into account, it is
given by

(15)

with
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⎡⎛ σ ⎞12 ⎛ σ ⎞6 ⎤
Vext(z) = 4εw ⎢⎜ sf ⎟ − ⎜ sf ⎟ ⎥
⎝z⎠⎦
⎣⎝ z ⎠

∫ ρ(r′) ∫ ρ(r″)(1 + 2ξn32)

× [ϕ(|r′ − r″|)]2 K hs(r″)g hs[n3(r″); r″]dr″dr′

(25)

To compare the square-well and Lennard−Jones attractive
walls, the ε values were determined by equating the second
virial coeﬃcient75 of the square-well wall, BSW, to the second
virial coeﬃcient of the Lennard−Jones wall, BLJ, holding σsf
constant.
Integrating the 6−12 Lennard−Jones potential over the
walls, rather than applying it to a slice of a pore, gives the 10−4
wall potential on each side of the pore described by76,77

where ξ = 1/ηcon2 with ηcon = 0.493, which is the packing
fraction where the ﬂuid condenses.74 The hard-sphere
isothermal compressibility for a CSB ﬂuid is calculated from
K hs =

(1 − n3)4
1 + 4n3 + 4n32 − 4n33 + n3 4

(26)

The chemical potential contribution for the second-order
attractive term is given by
μ2 =

−2mε

2

(λf3

− 1)

kT

Vext(z) = ϕw (z) + ϕw (H − z)
⎡ 2 ⎛ σ ⎞10 ⎛ σ ⎞4 ⎤
ϕw (z) = 2πεw ρw σsf 2⎢ ⎜ sf ⎟ − ⎜ sf ⎟ ⎥
⎝z⎠⎦
⎣5⎝ z ⎠

For the hard-sphere chain term, Yu and Wu61 recast
Wertheim’s ﬁrst-order perturbation theory for chain connectivity in a bulk ﬂuid to a form needed for an inhomogeneous
ﬂuid using the weighted densities of FMT. The chain
contribution to the Helmholtz energy is described by

∫Φ

Φchain[nα(r)] =
ζ=1−

[nα(r′)]dr′

ρ (z ) =

m
⎡ ψ (z ) ⎤ i
1
m+1−i
μ
exp(
)
exp⎢ −
(z )
∑
⎥G (z )G
3
⎣
⎦
kT
Λ
i=1

(38)

where μ is the chemical potential. The solution method
involves iterating on the segment density. In eq 38 we have

(28)

1−m
n0ζ ln y hs (σff , nα)
m

(37)

where ρw is the density of the wall molecules.
Taking the functional derivative of eq 1 and rearranging the
result gives the following equation for calculation of the
segment equilibrium density proﬁle61

(27)

Fchain = kT

(36)

with

{4ξn3,b3K hsgehs + (1 + 2ξn3,b 2)

⎫
⎡
⎛ hs
∂g hs ∂ηe ⎞⎤⎪
∂K hs
⎟⎥⎬
× ⎢2n3,bK hsgehs + n3,b 2⎜⎜
ge + K hs e
⎢
∂ηe ∂n3,b ⎟⎠⎥⎦⎪
⎝ ∂n3,b
⎣
⎭

chain

(35)

ψ (z ) =

(29)

nV 2 ·nV 2

δFhs
δF
δF1
δF2
+
+
+ chain + Vext
δρ(r)
δρ(r)
δρ(r)
δρ(r)

(39)

and

n22

(30)
2

Gi =

2

n2σff ζ
n2 σff ζ
1
y (σff , nα) =
+
+
2
1 − n3
4(1 − n3)
72(1 − n3)3
hs

i

ρavg (H , P) =

1 1
mH

∫0

Γex = (ρavg − ρm , b )H

(32)

(40)

H

ρ(z)dz

(41)

(42)

3. RESULTS AND DISCUSSION
First, we compare predictions of density proﬁles for adsorption
of chain molecules on ﬂat surfaces with several published results
of Monte Carlo simulations; in doing so, we also assess the
magnitudes of the contributions of the terms in eqs 2 and 3 on
the density proﬁles. Second, we extend a published study using
its parameters to consider adsorption in narrow pores with the
ﬂuid−wall potential given by the square-well potential, and we
compare results with those for a Lennard−Jones wall potential.
Finally, we consider adsorption in a slit-shaped pore with the
ﬂuid−wall potential given by the 10−4 potential.
Adsorption on Flat Surfaces and Comparisons with
Monte Carlo Simulations. Predictions from our theoretical
approach using the FMT formulations of both Roth et al.13 and

(33)

The interaction with a square-well attractive wall is given by
⎧ 0,
z > λ w σsf
⎪
Vext(z) = ⎨−εw , 0 < z < λ w σsf
⎪
⎩ ∞,
z<0

G i − 1 d z′

where H is the pore width. The surface excess is then given by

The equation used for the external potential depends on the
situation being described. The interaction between a hardsphere chain and a hard wall is described by

⎧ 0, z ≥ 0
Vext(z) = ⎨
⎩∞ , z < 0

2σff

where G (z) = 1. We note that due to the summation term in
eq 38, the number of segments m in the implementation of
SAFT is limited to integer values.
The equilibrium value of the density, calculated from eq 38,
can be used to calculate the average density in a pore from

where yhs is the contact value of the cavity correlation function
between segments. Note that, following Yu and Wu,61 Φchain
diﬀers from the SAFT-VR term, which would contain the
square-well (ysw) rather than the hard-sphere (yhs) cavity
correlation function. The chemical potential contribution for
the chain term is given by
∂Φchain
∂ni
b
∂ni ∂ρb

⎤ Θ(σff − |z − z′|)

1

(31)

μchain = kT (1 − m) ∑

⎡

∫ exp⎢⎣− ψkT(z) ⎥⎦

(34)

where σsf is the solid−ﬂuid collision diameter. The interaction
with a Lennard−Jones attractive wall is represented as
21340
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Figure 1. Hard sphere against a hard wall at bulk packing fractions ηb of (a) 0.57, (b) 0.755, (c) 0.81, and (d) 0.91. Circles are Monte Carlo results,78
solid curve is White Bear FMT, and dashed curve is White Bear Mark II FMT.

Hansen-Goos and Roth14,15 are compared here with a variety of
diﬀerent Monte Carlo simulations from the literature. First
considered are hard spheres against hard walls. Then, a set of
hard-sphere chains against hard walls is treated to establish the
validity of the chain function. Next, attractive potentials are
incorporated to compare results with simulations for hard and
attractive walls. In our ﬁgures for these comparisons we follow
the common convention of measuring the pore wall coordinate
from the inside edge of the pore.
For hard spheres against hard walls, we set m = 1, εf f = 0, and
Vext = ∞. Figure 1 shows density proﬁles compared with data of
Snook and Henderson78 for hard spheres against hard walls at
four bulk densities from ρσff 3 = 0.57 to 0.91. The results agree
with the well-known requirement for momentum transfer that
the density of any ﬂuid in contact with a hard wall is ρ(0) = P/
kT. All of the ﬁgures show good quantitative agreement
between our approach and the Monte Carlo simulations. Only
slight diﬀerences are seen at the highest densities in Figure 1c
and 1d.
Figure 1 also shows our calculations comparing the use of the
White Bear FMT13 and the White Bear Mark II FMT.14,15 The
density proﬁles from Figure 1c for both formulations are shown
in an expanded form in Figure 2. The White Bear Mark II FMT
agrees more closely with the Monte Carlo simulations of Snook
and Henderson78 for hard spheres against hard walls. The insert
in Figure 2 shows a further blown-up portion of where the two
theories diﬀer the most. These diﬀerences are apparent in
modeling chain molecules as well, with White Bear Mark II
producing the closest ﬁtting curves. For this reason and
because, as mentioned earlier, the derivation of the White Bear
Mark II FMT is consistent with scaled-particle theory in the
bulk,14 all of the following calculations reported in this paper
use the White Bear Mark II FMT.
For hard-sphere chains and hard walls, several comparisons
were performed involving adsorption of m-mers. This was done

Figure 2. Hard sphere against a hard wall at a bulk packing fraction of
ηb = 0.81. Circles are Monte Carlo results,78 solid curve is the White
Bear FMT, and dashed curve is the White Bear Mark II FMT.

by setting m equal to the number of spherical monomer units in
the chain. Figure 3 compares segment density proﬁles
determined using our approach with a series of Monte Carlo
simulations by Kierlik and Rosinberg79 for 3-mer chains.
Predictions show excellent agreement in both values and
structure over the full range of bulk packing fractions, from ηb =
0.1 to 0.45. At the lower densities in Figure 3a and 3b, the
density at contact is lower than the average density and
increases to form the ﬁrst layer; however, a layer near z/σff = 1
is still apparent. For the intermediate densities shown in Figure
3c and 3d, the density at contact is above the average density, as
for hard spheres, and shows the ﬁrst layer becoming better
deﬁned. For the higher densities shown in Figure 3e and 3f, the
second layer has begun to form.
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Figure 3. Hard-sphere 3-mer against a hard wall at bulk packing fractions ηb of (a) 0.1, (b) 0.15, (c) 0.20, (d) 0.30, (e) 0.40, and (f) 0.45. Circles are
Monte Carlo results,79 and solid curve is the White Bear Mark II FMT.

density proﬁles of 3-mers with second-order attractive
potentials against a hard wall. Figure 6a, for a bulk packing
fraction ηb of 0.10, shows good agreement with the Monte
Carlo simulations. We note distinct diﬀerences between Figure
6a and Figure 3a resulting from application of the attractive
potential; speciﬁcally, the density at contact is lower with the
attractive potential included and does not show the peak at z/
σff = 1. For ηb = 0.3, Figure 6b shows good agreement in the
placement of the maximum and minimum of the density
proﬁle; however, signiﬁcantly larger oscillations are apparent in
comparison with the results of the Monte Carlo simulation or
in comparison with the hard-sphere chain results shown in
Figure 3d.
For an attractive square-well wall, we use eq 34 and compare
the predictions or our approach with the Monte Carlo
simulation results of Ye et al.,64 which use εw/kT = −1.0.
Our predictions show good qualitative agreement with the
simulations. Figure 7a shows the density proﬁle for ηb = 0.10.
The contact density is somewhat lower than for the Monte
Carlo simulations, but the density proﬁle shows the same
general trends. The drop at z/σff = 1 as well as the hump
between z/σff = 1 and 2 are properly located. The results for ηb
= 0.3 are shown in Figure 7b. Our approach shows good

Considering longer hard-sphere chains, Figure 4 shows a
comparison of our predicted segment density proﬁles with
simulations of 4-mer chains by Dickman and Hall80 at bulk
packing densities from 0.107 to 0.417. The density proﬁles
show good agreement with the density at the wall and with the
maximum and minimum values. Figure 5 shows our predictions
compared with simulations of 20-mer chains by Yethiraj and
Woodward51 at bulk packing fractions from 0.1 to 0.35. Small
deviations between the theoretical predictions and the Monte
Carlo simulations are apparent. Figure 5a shows a slightly lower
segment density in the center of the pore, and the maximum
and minimum values in the troughs and peaks show some
variation with the Monte Carlo results in Figure 5b and 5c.
However, the structure of the theory agrees well, showing
minima and maxima at the correct locations. Thus, it is
apparent from Figures 1−5 that the theory provides generally
good agreement with Monte Carlo simulation results over a
wide range of bulk densities and chain lengths.
We now consider an attractive potential incorporated into
the model by the inclusion of eqs 19 and 25. Results are
compared with the Monte Carlo simulations of Ye et al.,64
which use εff/kT = 3.0, λf = 1.5, and λw = 1.0. The interaction
with the hard wall was treated using eq 33. Figure 6 shows the
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square-well wall parameters of Ye et al. by equating second
virial coeﬃcients while holding σsf constant. The coordinate
system is shown in Figure 8, where the two potentials are
compared. For the square-well and LJ pores, the pore width was
measured from the edge of the wall atoms of one wall to the
edge of the wall atoms of the opposite wall. The coordinate
inside the pore was measured from the edge of the pore wall to
the center of a chain segment.
Pore density proﬁles for 3-mers with second-order attractive
potentials inside a square-well attractive pore are shown in
Figure 9 at a packing fraction of ηb = 0.30 for increasing pore
widths from 1σff to 8σff. For the larger pore widths studied, the
density proﬁle of Figure 7b is reproduced from each pore wall.
Oscillations at the center of the 8σff pore are of much lower
amplitude than those of the smaller pores. The eﬀects of the
wall interations are short ranged, and so the center of the larger
pores is not inﬂuenced by the wall potential. This leads to the
center of the larger pores having a lower density than near the
wall, approaching the bulk value of ρσff 3 = 0.57. As the pores
become narrower, the oscillations become less and less
pronounced until the pore is less than 2σf f wide. At a pore
width less than 2σff, because the wall potential extends 1σf f from
each wall, the attractive potentials from both walls begin to
overlap. Steric eﬀects in the small pores do not allow the
molecules to form separate layers until, at a width of 1σff, a
single layer of molecules is formed.
Similar behavior is apparent in Figure 10, where the attractive
wall is determined by the Lennard−Jones potential. Comparing
the integer pore widths, the SW wall predictions are similar to
those of the LJ wall. The peaks and troughs coincide for the
two potentials, although the oscillations are more prominent in
the center of the large pores of Figure 10 as the LJ potential is
much farther reaching. In pores between adjacent integer values
of σff (e.g., Figure 10b−d), formation of another layer of
molecules can be observed. A noticeable diﬀerence between the
two potentials occurs at 1.5σff away from each wall, where the
SW potential becomes zero, resulting in a sharp decrease in the
density seen previously in Figures 7 and 9g−i. This occurs only
in pores larger than 3σff, for which the potentials from each wall
no longer overlap, leaving a region inside the pore with only
ﬂuid−ﬂuid interactions. Another diﬀerence is that the density
begins to change closer to the LJ wall. Because the LJ potential
is a soft potential, it does not produce any of the sharp increases
or decreases in the density proﬁle found for the SW wall. The
LJ potential produces a smoother proﬁle at the walls but also
broadens the width of the peak, as shown in Figures 9a and 10a.
As the pore size increases, the inﬂuence of the pore walls on
the molecules located near the pore center decreases, as would
be expected. In the 8σf f pore, the wall potential exerts very little
inﬂuence at the center. From Figure 8, the LJ potential extends
approximately 2σff from each wall, so pores larger than about
6σf f will have very little inﬂuence of the pore walls in the center
of the pore. For these large pores, the same oscillations occur
near each wall of every pore, consistent with molecules
adsorbing on a single ﬂat wall rather than within a pore.
Adsorption in Slit-Shaped Pores. To consider more
realistic adsorption in slit-shaped pores, whole pores were
modeled with attractive walls using the 10−4 potential76,77 of
eq 37. A comparison of the LJ and 10−4 wall potentials is
shown in Figure 11. The 10−4 potential is much more
attractive than the LJ potential, since the 10−4 potential allows
for the walls to extend from a single-atom wall (as in the SW
and LJ cases) to a continuous wall one layer of atoms thick.

Figure 4. Hard-sphere 4-mer against a hard wall at bulk packing
fractions ηb of (a) 0.107, (b) 0.340, and (c) 0.417. Circles are Monte
Carlo results,80 and solid curve is the White Bear Mark II FMT.

quantitative agreement with the Monte Carlo simulation, such
as the sharp density decrease at z/σff = 1. When compared to
the results for the hard wall shown in Figure 6, diﬀerences are
apparent. The attractive potential of the wall clearly aﬀects the
proﬁles. Where the attractive potential ends at z/σff = 1 there is
the sharp decrease, which is not seen for the hard wall. Also, the
densities near the wall are higher for the attractive wall, and the
oscillations toward the center of the pore are dampened.
In comparing the impacts of the various terms in eqs 2 and 3
on the density proﬁles, we found that the eﬀect of the ﬁrstorder attractive term was an order of magnitude less than the
hard-sphere and chain terms. Similarly, the impact of the
second-order attractive term was an order of magnitude less
than the ﬁrst-order attractive term.
Extensions of Literature Examples. To consider further
the impact of the attractive potential, pores were modeled with
attractive walls simulated using the square-well potential of eq
34 and, for comparison, the Lennard−Jones potential of eq 35.
We retain the parameter values from Ye et al.64 for the
attractive wall with the square-well potential. The value of ε for
the Lennard−Jones wall potential was obtained from the
21343
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Figure 5. Hard-sphere 20-mer against a hard wall at bulk packing fractions ηb of (a) 0.10, (b) 0.20, (c) 0.30, and (d) 0.35. η(z)  ρ(z)σff 3(π/6) is
the local packing fraction in the pore. Circles are Monte Carlo results,51 and solid curve is the White Bear Mark II FMT.

Figure 7. Attractive 3-mer against an attractive SW wall at bulk
packing fractions ηb of (a) 0.10 and (b) 0.30. Potential between the
wall and the ﬂuid is εw/kT = −1.0. Circles are Monte Carlo results,64
and solid curve is the White Bear Mark II FMT.

Figure 6. Attractive 3-mer against a hard wall at bulk packing fractions
ηb of (a) 0.10 and (b) 0.30. Circles are Monte Carlo results,64 and
solid curve is the White Bear Mark II FMT.

This allows the 10−4 potential to extend father from the wall
into the pore in comparison to the LJ potential, as shown in

Figure 11. The 10−4 potential used in this theory is similar in
depth to other well-known potentials in the literature.76
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noted that the density proﬁles for the 2σff and 3σff pores are
narrower than the other pores with 10−4 walls. Also, the peaks
in the density proﬁles for these pores are much higher than
those of the other pores. This results from the two walls of the
pore exerting strong overlapping attractive potentials with the
molecules inside the pore at small pore widths. As the pores
becomes wider, the potentials become weaker as the attraction
by the far wall, now further away, lessens. Thus, the molecules
in the pore do not adsorb as strongly in the center as the pore
widens past 3σff. At a pore width of 8σff, the density at the
center of the pore has approached the bulk density.
The eﬀect of chain length was also considered. Figure 13
shows isotherms for a 3-mer, 2-mer, and 1-mer in a 4σf f pore.
Surface excess, calculated using eq 42, is plotted versus bulk
packing fraction. The 1-mer pore isotherm becomes nonlinear
at a bulk packing fraction of approximately 10−6. A point is
reached where the average density within the pore increases
more slowly than the bulk density and the surface excess begins
to decrease. The 2-mer chain has similar transitions, with the
surface excess passing through zero at a bulk packing fraction of
0.2. The 3-mer chain has the broadest isotherm, with the
average pore density dropping below the bulk density at a bulk
packing fraction of approximately 0.1.
It should be noted that the highest packing fractions shown
in Figure 13 and those used in the literature examples are quite
large. For example, pure gaseous nitrogen at its normal boiling
point of 77 K has a packing fraction of approximately 10−3.

Figure 8. Square-well and Lennard−Jones wall potentials for attractive
walls. Solid curve is square-well potential, and dashed curve is
Lennard−Jones 6−12 potential.

Pore density proﬁles for 3-mers against 10−4 walls are
shown in Figure 12. Pore densities for the continuous wall are
much larger than for the single-wall atom LJ case shown in
Figure 10 due to many more wall atoms interacting with the
chain molecules. Also, the density peaks are much steeper for
10−4 walls due to the greater attraction of the chain molecules
to the walls and formation of more distinct layers. Furthermore,
the density between peaks for the 10−4 walls approaches zero,
which is signiﬁcantly diﬀerent from the SW or LJ wall where
the wall attractive potentials are not as strong. It should be

Figure 9. Attractive 3-mer against attractive SW walls at bulk packing fraction ηb = 0.30, which corresponds to ρσff 3 = 0.57. Pore widths are (a) 1σff,
(b) 1.25σff, (c) 1.5σff, (d) 1.75σff, (e) 2σf f, (f) 3σf f, (g) 4σff, (h) 6σff, and (i) 8σff.
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Figure 10. Attractive 3-mer against attractive LJ walls at bulk packing fraction ηb = 0.30, which corresponds to ρσff 3 = 0.57. Pore widths are (a) 1σff,
(b) 1.25σff, (c) 1.5σff, (d) 1.75σff, (e) 2σf f, (f) 3σf f, (g) 4σff, (h) 6σff, and (i) 8σff.

in the bulk. Fundamental measure theory (FMT) was adopted
to provide a rigorous description of the hard-sphere
contribution to the free energy. By doing so, SAFT is
transformed from a method for treatment of a homogeneous
ﬂuid in the bulk to an accurate method for analysis of an
inhomogeneous ﬂuid against a surface. The attractive term for
adsorption using SAFT has been developed using a
perturbation analysis out to second order, rather than by
assuming a more approximate mean ﬁeld.
Several systems involving the adsorption of m-mers have
been considered. Calculations using the theory show excellent
agreement with published Monte Carlo simulations for
densities of hard sphere and hard-sphere chains of m-mers
near a hard wall as well as a 3-mer with a square-well attractive
potential near a hard wall or an attractive wall with a squarewell potential. The FMT of Hansen-Goos and Roth,14 which
corresponds to a Carnahan−Starling−Boubliḱ ﬂuid, was found
to be in better agreement with our hard-sphere simulations
than the earlier FMT of Roth et al.,13 which corresponds to a
Mansoori−Carnahan−Starling−Leland ﬂuid. Slit-shaped pores
have been considered for adsorption of 3-mer chains using both
square-well and Lennard−Jones wall potentials. Full slit pore
density proﬁles for square-well and Lennard−Jones walls were
compared and showed similar general behavior with diﬀerences
attributable to the range of the potentials. To accommodate full
slit-shaped pores, a 3-mer chain was modeled near walls with a
10−4 attractive potential. Surface excess adsorption isotherms

Figure 11. 6−12 Lennard-Jones and 10−4 wall potentials for attractive
walls. Solid curve is 6−12 LJ potential, and dashed (- - -) curve is 10−4
potential.

Higher bulk packing fractions for gaseous nitrogen at 77 K
would not be possible in an equilibrium sense, as it would
condense to a liquid if pressure were increased.

4. CONCLUSIONS
A new implementation of density functional theory (DFT) has
been developed to treat the adsorption of chain molecules on
ﬂat surfaces and in slit-shaped pores. A version of the statistical
associating ﬂuid theory (SAFT) based on the SAFT-VR
equation provides the framework for the chemical potential
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Figure 12. Attractive 3-mer in a pore with a 10−4 wall potential at a bulk packing fraction of ηb = 0.30, which corresponds to ρσff 3 = 0.57. Pore
widths are (a) 1σff, (b) 1.25σff, (c) 1.5σff, (d) 1.75σff, (e) 2σff, (f) 3σff, (g) 4σff, (h) 6σff, and (i) 8σff.

agreement between the predictions from the theory and the
Monte Carlo simulations is encouraging for treatment of ﬂuids
in porous media at high pressures. The theory will be used to
describe experimental results in future papers by the authors.

5. APPENDIX
Additional details on the development and implementation of
the equation set are provided here.
5.1. DFT

For the hard-sphere contribution, the derivative of Fhs is
δFhs[ρ(r)]
=
δρ(r)

Figure 13. Surface excess isotherms inside a 4σf f pore at increasing
bulk packing fractions for attractive 1-mer (solid), 2-mer (- - -), and 3mer (− − −).

∫∑=
i

∂Φ hs
∂ni(r)

r′

δni(r′)
dr′
δρ(r)

(43)

The ni terms for i = 2, 3, and V2 are developed from
z+R

n2(z) = 2πR

were determined for molecules of varying chain lengths inside
such a pore.
The new theory should be useful for predicting adsorption
on ﬂat surfaces and in slit-shaped pores. A strength of the
approach is the ability to compare predictions of the SAFTbased theory directly with simulation. While we have shown
that the theory is in good agreement with the exact results
obtained from the simulations for the molecular models
studied, how well this approach will describe real ﬂuids at
high pressures has yet to be demonstrated. Nevertheless, the

∫z−R
z+R

n3(z) = π

∫z−R

ρ(z′)dz′

ρ(z′)[R2 − (z′ − z)2 ]dz′

(44)

(45)

z+R

nV 2(z) = ( −2π

∫z−R

ρ(z′)(z′ − z)dz′)z ̂ ≡ nV 2 z ̂

(46)

For the attractive terms, the derivatives of F1 and F2 are
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∫ ρ(r′)ghs[n3(r″); r′]ϕ(|r′ − r|)
+

∫ ρ(r′) ∫ ρ(r″)

δghs[n3(r″); r″]
δρ(r″)

Achain = kT

where

− r″|)dr″dr′
δF2[ρ(r)]
1
=−
2kT
δρ(r)

■

ϕ(|r′

∫ ρ(r′)(1 + 2ξn3 )

■

∂n

⎡ ∂K (r″)
g [n (r″); r″]
+(1 + 2ξn3(r″))⎢ hs
⎢⎣ ∂n3(r″) hs 3

where ξ =
Fchain is

δFchain[ρ(r)]
=
δρ(r)

(48)

For the chain contribution, the derivative of

∫∑
i

∂Φchain
∂ni(r)

r′

δni(r′)
dr′
δρ(r)

(49)

The equation set was solved using a Picard iteration with
Anderson mixing81,82 and Δz = R/40.
5.2. Bulk Fluid

The chemical potential for the system is calculated using the
following equations for a bulk ﬂuid. There are two diﬀerent
densities, the molecular density ρm,b and the segment density
ρb, where ρb = mρm,b. The chemical potential is calculated as the
derivative of the Helmholtz free energy in the bulk, A, with
respect to ρm,b, i.e.
μ=

∂A
∂ρm,b

(50)

where A = Aid + Ahs + A1 + A2 + Achain. This gives for the ideal
ﬂuid
A id = kTρm,b [ln(Λ3ρm,b ) − 1]

(51)

and yields eq 5. For the hard-sphere ﬂuid, we have
3

Ahs = kT ∑ Φbhs[nα , b(r)]
i=0

Φhs
b

(52)

where
= Φ [nα,b(r)]. This gives eq 18. The ﬁrst-order
attractive potential, derived by Gil-Villegas et al.,35 is described
by
hs

A1 = −4ε(λf3 − 1)n3, bρb gehs

(53)

which gives eq 21. In contrast to the original SAFT-VR
approach, the second-order attractive potential derived by
Zhang74 has been used and is given by
A 2 = −2βε 2(λf3 − 1)[ρb n3, b(1 + ξn3, b 2)K hsgehs]
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