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ABSTRACT
Computer simulations of double-walled carbon nanotubes show that if the inner nanotube is pulled out part of the way and then released, then
the inner tube exhibits damped oscillatory behavior at gigahertz frequencies. A simple mathematical model, formulated in terms of macroscopic
ideas of friction, is shown to predict the observed behavior to a high degree of accuracy.

Introduction. Carbon nanotubes, which can be thought of
as sheets of graphite rolled up into cylinders, occupy a unique
place in nanoscience and nanotechnology. They are relatively
easily synthesized,1 have an extraordinary range of properties
(e.g., they can be metallic or semiconducting, depending on
the structure of the nanotube as characterized by the chiral
vector (n, m)2,3), are the strongest material known to man,4
and are fundamental building blocks in many nanosystems.
Because of their ready synthesis and characterization, they
have become the test bed of theoretical and computational
approaches to nanoscience and technology. In particular,
numerous ab initio electronic structure calculations and
atomistic molecular dynamics simulations have been performed on carbon nanotubes and their variants (e.g., decorated nanotubes). In the work reported below, we employ
the Dreiding model5 for single-walled carbon nanotubes
(SWCNTs) that includes a model for the carbon-carbon van
der Waals interaction as well as bond stretching, bond-angle
stretching, torsional, and coupled bond and bond-angle
stretching potentials. The Dreiding potential model was
refined for carbon materials by Guo et al.,6 who fitted the
potential parameters to experimental lattice parameters,
elastic constants, and phonon frequencies of graphite. This
model has been employed to study the structure, energy, and
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mechanical and vibrational properties of single-walled carbon
nanotubes7 and doped nanotubes,8 to predict packing structures and cohesive energies of C60 and C70 fullerenes,6 and
to simulate the performance of graphitic radial nanobearing
systems.9
Most synthetic routes to carbon nanotubes result in
multiwalled carbon nanotubes with diameters ranging from
∼1.4 to 100 nm,10 but double-walled carbon nanotubes
(DWCNTs) can now be produced in small amounts through
a heating process of nanotubelike structures,11 and noncarbon nanotubes can be produced en masse using a plasmaarc method.12 Ruoff and workers performed experiments on
DWCNTs in which they attached a DWCNT to a substrate
and then pulled on the inner nanotube via an atomic force
microscope (AFM) tip, thus measuring the resistance to the
sliding motion of one tube inside the other.13,14 They
measured a steady-state resistance of 0.08-0.3 MPa,13 which
is consistent with values measured in our simulations of the
same experiment (reported below). There is considerable
interest in the sliding behavior of carbon nanotubes, partially
because of the relationship to the sliding of flat surfaces in
which a number of studies suggest that sliding resistance is
greater for commensurate surfaces (or sliding in a commensurate direction) than for incommensurate surfaces (or
sliding in an incommensurate direction)15,16 and that friction
between two molecularly smooth surfaces is due to impurities
adsorbed on the surfaces, which would otherwise be superlubricating.17,18 Specifically, in the case of nanotubes, on the
basis of corrugation calculations, Kolmogorov and Crespi19
reported shear strengths on the order of few megapascal for

commensurate systems, and for incommensurate systems, the
shear strength is very low but ill-defined. The results led
Kolmogorov and Crespi to conclude that sliding MWCNs
constitute the smoothest unary solid-solid interfaces known,
with the energetic barrier to interlayer sliding in defect-free
nanotubes being independent of nanotube length and comparable to that for a single unit cell of crystalline graphite.
Their calculation was inspired by the experimental measurements by Cumings and Zettl12 on DWCNTs, which demonstrated ultralow friction between sliding carbon nanotube
surfaces and led to the suggestion that DWCNT could be
used as 0.1-1 GHz oscillators; this has very interesting
possible electromechanical device applications. Additionally,
they measured a shear strength of less than 0.66 MPa and a
sliding shear resistance of less than 0.43 MPa. Zheng and
Jiang20 developed a theoretical model of the DWCNT
systems studied by Cumings and Zettl and predicted an
oscillation frequency of 0.15 GHz. Similar results to those
of Kolmogorov and Crespi were reported by Damnjanovic
et al.21
Here we provide a brief report on molecular dynamics
“experiments” on DWCNTs of varying lengths and diameters
in which we pull the inner nanotube out of the outer nanotube
to several different distances and allow the nanotube to retract
and subsequently oscillate. We find that the oscillation is
damped (hence acting like a nano-shock-absorber) and can
be predicted by a very simple mechanical model that takes
into account the sliding friction between the surfaces. We
find that the oscillation is around 1 GHz, consistent with
prior experimental and theoretical calculations. A more
detailed account of our results will be published in the future
(Rivera, J. L; McCabe, C.; Cummings, P. T. To be submitted
for publication).
Methods. Our implementation of the Guo et al. potential
model6 was tested through the study of vibrational22 and
elastic23 properties of SWCNTs. This potential model
reproduces the values reported by Yao and Lordi22,23 for
vibrational frequencies and elastic constants using the
universal force field (UFF).24 The simulations were carried
out at constant temperature using a reversible multiple time
step algorithm that has been tested previously on nanoscale
systems;25 the slow time step used was 2.21 fs. The system
sizes varied from 2600 to 21 000 carbon atoms. The code
was parallelized using force decomposition; production runs
were performed on the IBM SPs at the Center for Computational Sciences at Oak Ridge National Laboratory and at
the National Energy Research Supercomputing Center at
Lawrence Berkeley Laboratory.
Results. The main focus of this study is DWCNs in which
the inner nanotube has a chiral conformation (7, 0) and the
outer nanotube has a chiral conformation (9, 9); we denote
such a DWCN as (7, 0)/(9, 9). We simulated several axial
lengths (12.21, 24.56, 36.92, 49.27, and 98.24 nm) at 298.15
K. For these systems, the inner and outer shells had the same
axial length. To investigate the impact of differences on the
lengths of the inner and outer nanotubes, another set of
simulations were performed keeping the inner length at 12.21
nm and using axial lengths for the outer nanotube with -30
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to +40% increments with respect to the inner nanotube axial
length. The effect of temperature was studied for the system
with an axial length of 12.21 nm in the range of temperature
from 275 to 450 K. The effect of larger intershell separation
was studied using the system with a chiral conformation (7,
0)/(10, 10) and lengths from 24.56 to 49.27 nm at 298.15
K. Commensurate systems were studied using the chiral
conformation (5, 5)/(10, 10) with axial lengths from 12.21
to 49.27 at 298.15 K.
Except for the simulations of (5, 5)/(10, 10) DWCNs, the
DWCNs were chosen to be incommensurate systems26 that
should exhibit very low and ill-defined shear strengths.19
From the initial configuration (fully retracted), the nanotubes
were pulled apart to a separation with an overlapped area
involving at least 6 Å in the axial direction. This procedure
is similar to the experiment of Cummings and Zetl.12 After
this initial displacement, the nanotubes were allowed to move
freely, so the separation of the nanotubes’ centers of mass
executed damped oscillation motion in the axial direction,
and we simulated this process until the amplitude of the
oscillation was less than 1 Å; for the largest system, around
4.5 ns of simulation was needed.
Shear Resistance. As part of the testing and evaluation of
our codes, we performed a series of simulations of incommensurate DWCNTs [(7, 0)/(9, 9)] with periodic boundary
conditions in the axial direction (corresponding to an
infinitely long carbon nanotube) to measure the resistance
to motion as a function of sliding velocity. For these
simulations, a constant translation velocity was imposed on
the nanotubes by adding it to their thermal velocity. After
100 ps of equilibration, frictional forces were calculated over
a period of 500 ps. This simulation is similar to the Ruoff et
al. experiments13,14 and is comparable to the theoretical
calculation of Kolmogorov and Crespi.19 We find that the
shear resistance is dependent on the sliding velocity, varying
from less than 0.03 MPa at a sliding velocity of 100 m/s to
0.12 MPa for a sliding velocity of 1000 m/s and exhibiting
a plateau at 0.06 MPa for sliding velocities in the range of
250-750 m/s. These values for the shear resistance are
similar in order of magnitude to that measured by Ruoff and
co-workers13,14 and are suitably low, in accordance with the
prediction of Kolmogorov and Crespi.19
Oscillatory Motion of Incommensurate DWCNTs. Results
for equal-length (7, 0)/(9, 9) DWCNTs of varying lengths L
are shown in Figure 1. By fitting the simulation results, the
initial frequency of oscillation, f0, is found to be inversely
proportional to length, f0 = A/L, with A ) 198 GHz nm. This
functional dependence is consistent with the theoretical
prediction of Zheng and Jiang,20 which for the special case
of equal-length inner and outer nanotubes yields

f)
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∆ L

(1)

∆ is the initial extrusion as a faction of L, c1 is a variable
that depends on the number of shells and their intershell
separation, and Π is an average value for the van der Waals
interactions that depends only on the number of shells in
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Figure 1. Separation of the centers of mass of (7, 0)/(9, 9)
DWCNTs as a function of time at 298.15 K. The initial separation
corresponds to pulling out the inner nanotube until it overlaps the
outer nanotube by 0.3 nm.

the core. The Zheng and Jiang analysis assumes a constant
frequency of oscillation, and we see from Figure 1 that the
frequency of oscillation increases with time, consistent with
a viscous dissipation of the oscillatory motion. Notice also
from our empirical fit that the initial frequency of oscillation
is in the gigahertz range.
We have analyzed the forces normal and tangential to the
oscillatory motion for several of the DWCNT simulations.
A typical result is shown in Figure 2. The relative constant
magnitude of these two forces suggests that we can derive a
simple model for the oscillatory motion of the DWCNTs. If
z is the distance between the centers of mass of the two
nanotubes in a DWCNT, then Newton’s equation gives
d2z F
)
dt2 m

(2)

We identify the axial force as the restoring force generated
by van der Waals forces, Fvdw, and we additionally propose
that the normal force can give rise to a relatively constant
friction force, Ffr. Hence, during the course of one cycle,
starting at the minimum separation, we can identify four
regions labeled I-IV in Figure 2a. In the four regions, our
differential equation then becomes
I:
II:

d2z 1
) (Fvdw - Ffr)
dt2 m

IC:

dz
)0
dt

z<0

d2z 1
) (-Fvdw - Ffr)
dt2 m

IC:

dz
>0
dt

z)0
(3)

2

III:

dz 1
) (-Fvdw + Ffr)
dt2 m

IC:

dz
)0
dt

z>0

IV:

d2z 1
) (Fvdw + Ffr)
dt2 m

IC:

dz
<0
dt

z)0

where IC indicates the initial condition at the start of each
region. To solve eq 3, we assume that Fvdw and Ffr are
constants. The solution in each region is then a simple
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Figure 2. (a) Relative separation and (b) relative velocity of the
centers of mass of 12.21-nm (7, 0)/(9, 9) DWCNTs as a function
of time; (c) axial force and (d) normal force experienced by the
inner nanotube as a function of time. All results are at 298.15 K.

quadratic function of time with constants determined by the
initial conditions for each region. This is an extremely simple
model that is equivalent to a spring with a restoring force
and a constant friction. By solving this equation over
successive cycles, we generate the displacement as a function
of time. For example, for the (7, 0)/(9, 9) DWCNT of length
24.56 nm, we find by averaging Fvdw and Ffr over the period
from 0.2 to 2.5 ns that Fvdw ) 1.05 nN and Ffr = 2.44 ×
10-2 nN. Notice that the frictional force is 2 orders of
magnitude less than the van der Waals driving force and at
this simplest level of approximation is assumed to be
independent of the relative velocity of the nanotubes.
Although in principle Ffr depends on the relative velocity of
the nanotubes, given the small magnitude of Ffr we find that
the assumption of a velocity-independent Ffr is sufficient for
the purposes of this simple model. Using fixed values for
Fvdw and Ffr for each DWCNT, we predict the oscillatory
behavior to a remarkably high degree of accuracy, as shown
in Figure 3. In each case, the model is fixed to reproduce
just one point on the simulation curvessthe height and
position of the third peak. (The one exception is the 98.24nm DWCNT for which we have only two peaks of simulated
displacements; in this case, the single fitted point is the
position and magnitude of the first minimum.) The model is
then propagated forward and backward in time to give the
model curves shown in Figure 3. This simple model has
difficulty at very short times (i.e., the first cycle, where the
distortion of the nanotubes makes Fvdw and Ffr strongly timedependent). Likewise, at long times there is evidence of a
frequency mismatch, which is consistent with the values of
Fvdw and Ffr slowly changing over time. To model the
oscillatory motion of the DWCNTs over the entire range of
1003

Figure 4. Separation of centers of mass of (7, 0)/(10, 10) DWCNTs
as a function of time at 298.15 K. The initial separation corresponds
to pulling out the inner nanotube until it overlaps the outer nanotube
by 0.3 nm.

Figure 5. Separation of the centers of mass of (5, 5)/(10, 10)
DWCNTs as a function of time at 298.15 K. The initial separation
corresponds to pulling out the inner nanotube until it overlaps the
outer nanotube by 0.3 nm.

Figure 3. Relative separation for (7, 0)/(9, 9) equal-length
DWCNTs as a function of time for various lengths at 298.15 K as
shown in each panel. The simulation results are shown as black
solid lines, and the results from the simple mechanical model of
eq 3 are shown as red solid lines.

time, the assumption of constant Fvdw and Ffr must be
abandoned, leading to a model that must be solved numerically. Results obtained with this more sophisticated model
represent a minor improvement over those obtained with the
simple model given here and will be reported in a more
detailed publication (Rivera, J. L.; McCabe, C.; Cummings,
P.T. To be submitted for publication). We have also
investigated the dependence of these results on the relative
length of the DWCNTs, and these data will also be reported
in the more detailed publication.
We have also performed simulations on another incommensurate equal-length DWCNT system, (7, 0)/(10, 10).
Qualitatively similar results, shown in Figure 4, are obtained
and are equally well described by the simple model that we
have introduced in this paper. As in the (7, 0)/(9, 9) case,
the frictional force is several orders of magnitude smaller
1004

than the van der Waals force, leading to long-lived and
slowly decaying oscillations.
From our visualizations of the molecular dynamics simulations, we concluded that thermal fluctuations affecting the
diameter of the inner and outer nanotubes are primarily responsible for the frictional forces in the DWCNTs. This
would lead to the hypothesis that increasing temperature
should lead to higher frictional forces and hence to a more
rapid decay in the oscillatory behavior. To test this hypothesis,
we performed simulations on the 12.21-nm (7, 0)/(9, 9)
DWCNTs at temperatures ranging from 270 to 450 K. As a
function of increasing temperature, we observed a monotonic
decrease in the time taken for the amplitude of oscillation
to decay to less than 0.4 nm, thus confirming our hypthesis.
Oscillatory Motion of Commensurate DWCNTs. According
to the theoretical predictions described in the Introduction, we
should expect to see rather different behavior in commensurate DWCNTs because in this case we expect a much larger
frictional resistance to motion. In the same way as for the
incommensurate DWCNTs, we performed simulations of oscillatory motion for equal-length (5, 5)/(10, 10) commensurate DWCNTs induced by pulling them apart until the
nanotubes overlapped by only 0.3 nm. The results for various-length DWCNTs are shown in Figure 5. Clearly, the
Nano Lett., Vol. 3, No. 8, 2003

motion is more rapidly damped, consistent with a much larger
frictional resistance. Additional analysis of the commensurate
nanotubes will be reported in a more detailed publication
(Rivera, J. L.; McCabe, C.; Cummings, P. T. To be submitted
for publication).
Conclusions. We have performed extensive molecular
dynamics simulations of the oscillatory motion of DWCNTs
resulting from pulling the inner nanotube out and releasing
it. We investigated both incommensurate and commensurate
DWCNTs of the same and different lengths at 298.15 K and
in one case at temperatures ranging from 270 to 450 K. Our
results are consistent with various prior theoretical predictions
and confirm our hypothesis that the frictional forces result
from thermal fluctuations in the conformation of the nanotubes. We also demonstrated that the motion of the DWCNTs
can be modeled to a high degree of fidelity by a simple
mechanical model that views the DWCNT system as
equivalent to a block on a surface (experiencing constant
frictional drag) attached to an unusual kind of springsone
that exerts a constant (rather than displacement-dependent)
restoring force on the block. The fact that these DWCNTs
can be described by such a simple model opens up the
possibility that one can design DWCNTs to have specific
mechanical properties with rather simple design tools.
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